An m-free hyperplane arrangement is a generalization of a free arrangement. Holm asked the following two questions: (1)Does m-free imply (m + 1)-free for any arrangement? (2)Are all arrangements m-free for m large enough? In this paper, we characterize m-freeness for product arrangements, while we prove that all localizations of an m-free arrangement are m-free. From these results, we give answers to Holm's questions. Key Words: hyperplane arrangements, m-free arrangements, product arrangements, Shi arrangements.
Main results
Let K be a field of characteristic zero, and let V be an ℓ-dimensional vector space over K. A (central hyperplane) arrangement A = (A , V ) is a finite collection of hyperplanes in V which contain the origin. We call A an ℓ-arrangement when we emphasize the dimension of V . For any hyperplane H ∈ A , there exists a linear form α H in the dual space V * of V such that {α H = 0} = H. We call Q = Q(A ) = H∈A α H a defining polynomial of A .
Let {x 1 , . . . , x ℓ } be a basis for the dual space V * over K, and let S = Sym(V * ) = K[x 1 , . . . , x ℓ ]. We consider x i and ∂ i = ∂ ∂x i as elements of the endomorphism ring End K (S): x i (f ) = x i f and ∂ i (f ) = ∂f ∂x i (f ∈ S). Let N = {0, 1, 2, . . . } be the set of nonnegative integers, and we use multi-index notations: for a = (a 1 , . . . , a ℓ ) ∈ N ℓ , |a| = a 1 + · · · + a ℓ , a! = a 1 ! · · · a ℓ !, x a = x A is m-free with a homogeneous basis {θ 1 , . . . , θ s }, we define m-exponents by the multi-set exp m (A ) = {deg(θ 1 ), . . . , deg(θ s )}. We also define exp 0 (A ) = {0} for any arrangement A . Then m-exponents depend only on A .
Let D(S) be the S-subalgebra of End K (S) generated by the derivations ∂ 1 , . . . , ∂ ℓ , i.e., D(S) is the Weyl algebra. For an ideal I of S, let
is the set of differentials of S/I (see [4] ), and is called the ring of differential operators of S/I. When S/I is a regular ring, D(S/I) has a similar structure to the Weyl algebra, that is, D(S/I) is the (S/I)-algebra generated by derivations of S/I (see [4, Corollary 15.5.6] ). However, as Traves in [13] proved, D(S/I) is not generated by derivations when S/I is a reduced algebra (including the case when I = QS). To observe generators and further structures of D(S/QS), Holm
A free basis for D (m) (A ) is useful to study the structures of D(S/QS). Indeed, when A is a 2-arrangement, it is shown in [5] that D(S/QS) is right and left Noetherian, using free bases for D (m) (A ) for all m ≥ 1 constructed by Holm in [2] . There are further results about m-freeness. Coxeter arrangements of type A, B and D are 2-free (shown in [6] ). We say that A is generic if |A | > ℓ ≥ 3, and if every ℓ hyperplanes of A intersect only at the origin. For a generic arrangement A , it is shown in [7] Q1 and Q2 are true for generic arrangements. The aim of this paper is to prove that Q1 and Q2 are not true by giving counter examples. Our main results are as follows. Proofs will appear in Section 3. ′ is not m-free for any m ≥ 1. In particular, a generic arrangement is known to be not 1-free (see [8, 15] ). Hence if A is generic and if A ′ is arbitrary, then A × A ′ is not m-free for any m ≥ 1.
We say that A is reducible if (A , V ) = (A 1 , V 1 )×(A 2 , V 2 ) with dim(V 1 ) > 0 and dim(V 2 ) > 0 after a change of coordinates. Otherwise A is said to be irreducible. Example 1.4 is of a reducible arrangement. There also exists a counter example of an irreducible arrangement. Proposition 1.5. Let A be a 4-arrangement defined by Q = xyzw(x + y + z)(x + y + z + w). Then A is not m-free for any m ≥ 1.
To prove Proposition 1.5, we need some definitions and Proposition 1.7. Let
be the set of all intersections of hyperplanes in A , which is partially ordered by the reverse inclusion. We call L(A ) the intersection lattice of A .
Proposition 1.7 is the same as [8, Theorem 4 .37] when m = 1. The contraposition of Proposition 1.7 is useful to know that arrangements are not m-free.
Next, we answer to Q1. For ℓ ≥ 2, Shi ℓ is an (ℓ + 1)-arrangement defined by
Let Φ ℓ be the empty ℓ-arrangement. The arrangement Shi ℓ × Φ 1 is the coning of a Shi arrangement (defined in [11] ) of the root system of the type A, and Shi ℓ is known to be 1-free (see [1, 14] ). For higher case, we have the following.
Therefore, Shi ℓ is an example such that 1-free does not imply 2-free. This means that Q1 is not true.
Basic properties
In this section, while we assume m ≥ 1, we introduce basic properties which are useful to observe m-freeness. Although proofs of results in this section are already known, we give their proofs, using the notations of this paper. We first remark that the following relations hold:
Indeed, the last relation follows from
, and the others are obvious.
A criterion to know ideal stabilities
. Let e i ∈ N ℓ be the ith unit vector. Then for a = (a 1 . . . , a ℓ ) ∈ N and for 1
Moreover the following holds. 
Since α 1 and Q ′ are coprime, the equation (2.3) implies that θ belongs to
Let H 2 ∈ A satisfying H 2 = H 1 . The same argument implies that
Lemma 2.3 (cf. the proof of Proposition 2.10 in [12] ). Let m ≥ 2 and let
Proof. The assertion of 'only if' is obvious. Conversely we take
Then there exist at least one index i such that a i = 0. By the induction hypothesis, we obtain
Proof. The assertion of 'only if' is obvious. We verify the converse by induction on m. If m = 1 then the assumption (i.e., θ(α H ) ∈ α H S) implies that for f ∈ S,
Therefore, by the induction hypothesis, [θ,
We summarize Proposition 2.2 and Proposition 2.4 as follows.
Corollary 2.5. Let A be an arrangement. Then
Corollary 2.5 is useful to know whether an operator θ ∈ D (m) (S) belongs to
Example 2.6. Let A be any arrangement. The Euler operator
lies in D (m) (A ) by Corollary 2.5. Indeed, for H ∈ A and for b ∈ N ℓ with |b| = m−1,
Example 2.7. Let A be a 2-arrangement defined by Q(A ) = xy(x+y). We denote
Saito's criterion
Let
We note that t m (ℓ) = s m−1 (ℓ). Let
We fix an ordering of Ω by Ω = {a (1), . . . , a(s)}.
. In another description,
Example 2.8. Let ℓ = 2 and let m = 2. Then s = 3 and t = 2. The coefficient
y is the following:
The rows are coefficients of ∂ 2 x , ∂ 2 y , ∂ x ∂ y from the top, and the columns correspond to θ E , θ 1 , θ 2 from the left.
Proof. Let H ∈ A . We may assume α H = x 1 . Since
there exist t rows in M m (θ 1 , . . . , θ s ) such that all entries are divided by (1) det M m (θ 1 , . . . , θ s ) = cQ t for some c ∈ K \ {0}.
(2) θ 1 , . . . , θ s form a basis for D (m) (A ) over S.
for a ∈ Ω. Then there exist f 1 , . . . , f s ∈ S such that
This implies that
[(2) ⇒ (1)] By Proposition 2.9 and the linear independence for θ 1 , . . . , θ s over S, det M m (θ 1 , . . . , θ s ) = f Q t for some f ∈ S \ {0}. Let H ∈ A . We may assume that α H = x 1 . Also we may assume that {a(1), . . . , a(t)} = {a ∈ Ω | a 1 ≥ 1}. We define
Since η i ∈ Sθ 1 + · · · + Sθ s , there exists an s × s matrix N whose entries lie in S such that
This implies that (Q/α H ) s−t = f det N, and therefore f divides (Q/α H ) s−t . This is true for all H ∈ A . Since polynomials {(Q/α H ) s−t } H∈A have no common factor, we obtain f ∈ K \ {0}.
We note that Theorem 2.10 (1) does not depend on the ordering of Ω. In other words, to use Theorem 2.10, we may choose any ordering of Ω. 
Example 2.13 (Proposition III.6.7 in [2] ). Let ℓ = 2 and let A = {H 1 , . . . , H n }, where n = |A |. We may assume that
for some distinct scalars a 2 , . . . , a r ∈ K. We define Q 1 = Q/x and Q j = Q/(a i x + y) for 2 ≤ j ≤ n. Then
belong to D (m) (A ). By Theorem 2.11, A is m-free with the following basis:
Example 2.12 is a special case of Example 2.13.
Proofs
3.1 Proofs of Theorem 1.2 and Proposition 1.5
Let (A 1 , V 1 ) and (A 2 , V 2 ) be arrangements with ℓ 1 = dim(V 1 ) > 0 and
For θ ∈ D (i) (S 1 ) and for η ∈ D (j) (S 2 ), the product θη = ηθ is commutative in End K (S), by the equation (2.1). Let
Lemma 3.1.
We recall that D (0) (S 1 ) = S 1 and D (0) (S 2 ) = S 2 . The S-module D (m) (S) is decomposed as follows:
In this section, a partial derivative of x i is denoted by
and that of y i is denoted by
is decomposed as follows:
, we have θ(Qf ) ∈ Q 1 S. Similarly θ(Qf ) ∈ Q 2 S. Since Q 1 and Q 2 are coprime, we have θ(Qf ) ∈ QS. This means θ ∈ D (m) (A ).
Conversely let θ ∈ D (m) (A ). By the equation (3.1), we can describe that
. By the symmetry of A 1 and A 2 , it is enough to verify that
is described as
. This is true for any c ∈ N ℓ 1 with |c| = i − 1 and for any d ∈ N ℓ 2 with |d| = m − i. By Corollary 2.5,
Proof. It is obvious that
We show that θ λ ∈ D (i) (A 1 ) for any λ ∈ Λ, i.e., θ λ (Q 1 f ) ∈ Q 1 S 1 for any f ∈ S 1 . An operator θ 0 is defined by
for any f ∈ S 1 . We note that θ 0 (g) = θ(Q 1 f g) for any g ∈ S 2 . Since {δ
, we can describe that
This implies
Here we prove
, and hence Q 1 θ ∈ Q 1 SD (m−i) (A 2 ). As a result, we have
Since S 1 is flat over K and η λ (λ ∈ Λ) are S 1 -torsion free elements, {η λ } λ∈Λ is an S 1 -basis for
Lemma 3.2 and Lemma 3.3 imply the following.
Example 3.5. We consider an example of ℓ 1 = 2, ℓ 2 = 1 and m = 2. Let A 1 be a 2-arrangement defined by Q(A 1 ) = xy(x + y) and A 2 the empty 1-arrangement with the coordinate z. Let A = A 1 × A 2 . The sets {θ
1 = x(x+ y)∂ 
2 .
Therefore, exp 2 (A ) = {0, 1, 2, 2, 2, 2}.
By Proposition 3.4, we can prove Theorem 1.2.
To verify that m i=0 B i is linearly independent over S, it suffices to show that B i is linearly independent over S for 0 ≤ i ≤ m. We assume that
Let a ∈ N ℓ 1 with |a| = i. By substituting x a for all θ 
Since S is flat over S 2 and η
and for a ∈ N ℓ 1 with |a| = i. This implies
} is linearly independent over S, we have f j,k = 0 for 1 ≤ j ≤ s i (ℓ 1 ) and for 1 ≤ k ≤ s m−i (ℓ 2 ). Hence we conclude that m i=0 B i is linearly independent over S. Next, we verify that the sum of degrees of m i=0 B i is equal to t m (ℓ 1 +ℓ 2 )|A 1 ×A 2 | as follows: We conclude this paper by giving three open questions. Theorem 1.8 states that Shi ℓ is not 2-free for any ℓ ≥ 2. However, we can show that Shi 2 is m-free for 3 ≤ m ≤ 7 by a straightforward calculation, using MATLAB. It seems to be interesting to determine m-freeness of Shi ℓ . There are two other interesting problems which have not answered yet. 
